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ABSTRACT. We prove the existence of canonical tubular neighbourhoods around complex
submanifolds of Ka¨hler manifolds that are adapted to both the holomorphic and symplectic
structure. This is done by solving the complex Homogeneous Monge-Ampe`re equation on
the deformation to the normal cone of the submanifold. We use this to establish local
regularity for global weak solutions, giving local smoothness to the (weak) geodesic ray in
the space of (weak) Ka¨hler potentials associated to a given complex submanifold. We also
use it to get an optimal regularity result for naturally defined plurisubharmonic envelopes
and for the boundaries of their associated equilibrium sets.
1. INTRODUCTION
1.1. Canonical tubular neighbourhoods. Tubular neighbourhoods are used in differ-
ential and symplectic geometry to reveal the structure around submanifolds. As is well
known, a complex submanifold of a complex manifold will in general not admit a tubular
neighbourhood that is holomorphic. However, we will see in this paper that any compact
complex submanifold of a Ka¨hler manifold has a canonical smooth tubular neighbour-
hood, which in general will not be holomorphic, but nevertheless has properties that make
it adapted to both the holomorphic and symplectic structure.
To state our results, let p : NY → Y be the normal bundle of a complex submanifold Y of
a complex manifold X and ι : Y → NY be the inclusion of Y as the zero section. Note
that NY is a holomorphic vector bundle that admits a holomorphic S1-action obtained by
rotating the fibres. By a smooth tubular neighbourhood of Y ⊂ X we mean a diffeomor-
phism T : U → U˜ ⊂ X between a neighbourhood U of ι(Y ) ⊂ NY and a neighbourhood
U˜ of Y ⊂ X such that
T ◦ ι = idY .
Theorem 1.1. Suppose that Y is a complex submanifold of a Ka¨hler manifold (X,ω).
Then there exists a smooth tubular neighbourhood
T : U → U˜ ⊂ X
of Y ⊂ X with the following properties:
(1) U is S1-invariant and the pullback T ∗ω is an S1-invariant Ka¨hler form on U .
(2) For any u ∈ U the function fu : S1 → X, given by fu(eiθ) := T (eiθu) extends
to a holomorphic function Fu : D → X from the unit disc D ⊂ C such that
Fu(0) = p(u) and
[
DFu|0( ∂
∂x
)
]
= u,
i.e. the holomorphic disc Fu is centered at p(u) and points in the normal direction
determined by u.
When Y is compact there is a canonical choice of T . In general, the germ of the tubular
neighbourhood we construct is local and canonical, in the sense that at any point ι(p) ∈
ι(Y ) it depends only on the local structure of (Y, ω|Y ) ⊂ (X,ω) around p ∈ Y .
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Of course the map T need not be holomorphic, but the two properties above describe ways
in which it interacts with the holomorphic structure (for example the statement that T ∗ω is
Ka¨hler is not immediate given that T is not holomorphic). Even in cases where holomor-
phic tubular neighbourhoods do exist they will not in general have this property so what is
produced above will be different. In fact the existence of such a tubular neighbourhood is
highly non-trivial even when the submanifold is a single point in C.
In the very special case that there exists a holomorphic S1-action on X that fixes Y point-
wise inducing the usual action on NY obtained by rotating the fibers there is a natural
holomorphic tubular neighbourhood of Y which encodes this symmetry. If in addition this
action preserves ω then the germ of our T will agree with this holomorphic tubular neigh-
bourhood. Since our construction is local this is also true locally around any point p ∈ Y
(see Proposition 4.7).
We point out that there is a standard way to produce tubular neighbourhoods that only
satisfy the first property in the above theorem. In fact, for any choice of symplectic form
ω˜ on a neighbourhood U of ι(Y ) such that ι∗ω˜ = ω|Y there exists, after shrinking U if
necessary, a tubular neighbourhood T : U → X such that T ∗ω = ω˜ (this follows by using
an arbitrary tubular neighbourhood to pull back ω and then applying the relative version
of Moser’s Theorem [9, Theorem 7.4]). So by choosing such an ω˜ that is Ka¨hler and S1-
invariant we get a tubular neighbourhood with property (1). This will of course depend
on several choices, and from the point of view of Ka¨hler geometry it is not clear why any
particular choice is more natural than any other.
On the other hand it is easy to construct a tubular neighbourhood with property (2) from
Theorem 1.1, starting with any smooth foliation by holomorphic curves of some neigh-
bourhood of the exceptional divisor in the blowup of X along Y , which is transverse to the
exceptional divisor. But in general one has then lost control over the symplectic structure.
Thus the significance of the above theorem is that there exist tubular neighbourhoods with
both properties simultaneously, which as we shall see can be made canonical.
1.2. HMAE on the deformation to the normal cone of Y. Really the main result of this
paper is a proof of existence of regular solutions to a Dirichlet problem for a certain homo-
geneous Monge-Ampe`re equation (HMAE), and the tubular neighbourhood of Theorem
1.1 will then be constructed using the associated foliation.
Recall the deformation to the normal cone NY of Y in X is the blowup of X ×D along
Y × {0}, with projection map
pi : NY → X ×D.
We let piX : NY → X and piD : NY → D denote the composition of pi with the projection
onto the factors X and D of X × D respectively. The fiber pi−1D (0) of NY over 0 ∈ D
has two components, one which is isomorphic to the blowup BlY (X) of X along Y and
the other being the exceptional divisor E which is isomorphic to the projective completion
P(NY ⊕C) of the normal bundle NY . Since NY embeds in P(NY ⊕C) by v 7→ [v, 1] we
can, and shall, identifyNY with its image inNY . ThusNY provides us with a space which
contains both our original manifold X as well as the normal bundle NY (sitting inside its
projective completion), and we will use this to construct a tubular neighbourhood as a kind
of flow given by a foliation associated to a solution to a certain Dirichlet problem that we
describe next.
Letting Y ⊂ NY denote the proper transform of Y × D we have that ι(Y ) = E ∩ Y .
Similarly if p ∈ Y we let Dp denote the proper transform of {p} ×D, so ι(p) = E ∩ Dp.
The holomorphic S1-action on X ×D given by
eiθ · (x, τ) = (x, e−iθτ) (1)
lifts to NY ; it preserves NY and induces the action on NY obtained by rotating the fibers.
HMAE AND CANONICAL TUBULAR NEIGHBOURHOODS IN KA¨HLER GEOMETRY 3
Theorem 1.2. There exists an S1-invariant neighbourhood V ofY inNY and S1-invariant
regular solution Ω to the homogeneous Monge-Ampe`re equation with boundary data in-
duced by ω. Here, by a regular solution we mean that:
(1) Ω is a smooth real closed (1, 1) form on V ,
(2) Ω|Vτ is Ka¨hler for all τ ∈ D where Vτ := pi−1D (τ) ∩ V ,
(3) Ω|Vτ = pi
∗
Xω|Vτ for all τ ∈ S1, and
(4) Ωn+1 = 0 on V .
The solution Ω is cohomologous to pi∗Xω, i.e. there exists a (unique) smooth real valued
S1-invariant function Φ on V which is zero on Vτ for τ ∈ S1 and such that
Ω = pi∗Xω|V + ddcΦ.
When Y is compact there is a canonical choice of (V,Ω). In general the germ around Y of
any such S1-invariant regular solution is unique.
In the above theorem V should be understood as not meeting the singular locus of the fibre
of pi−1D (0) and hence V as well as Vτ for τ ∈ D are smooth. We observe that since the
central fibre ofNY is of a different topological type to the general fibre, there can never be
a regular solution defined on all of NY , so in this sense a local result such as Theorem 1.2
is the best one could hope for. The uniqueness part of Theorem 1.2 is also novel since it
does not involve any hypothesis on the behaviour of the solutions near the boundary of V .
We explain briefly how such an Ω gives rise to a tubular neighbourhood. Since the work of
Bedford-Kalka [3] it has been known that regular solutions to the HMAE generate associ-
ated Monge-Ampe`re foliations by holomorphic curves as follows: the kernel of the form Ω
defines an integrable distribution of complex lines in the tangent bundle of V . By Frobe-
nius’ theorem it induces a foliation by holomorphic curves, which because of property (1)
are transverse to the fibers Vτ . In the case under consideration, Ω is S1-invariant and hence
so is the foliation (see Figure 1).
We shall say that a leaf of the foliation is complete if it covers the baseD (i.e. the restriction
to this leaf of the projection toD is a surjection ontoD). From the S1-invariance it follows
that Ω|Dp = 0 for all p ∈ Y , thus eachDp is a complete leaf of the foliation. By continuity
we can then find an S1-invariant neighbourhood of Y consisting solely of complete leaves
that pass through NY ⊂ E, so after shrinking V we can assume that V is foliated by such
leaves. Note that U := V0 = V ∩ pi−1D (0) is an S1-invariant neighbourhood of ι(Y ) in
NY . By flowing along the leaves of this foliation we get for each τ ∈ D a diffeomorphism
Tτ : U → Vτ which remarkably is a symplectomorphism, i.e.
T ∗τ (Ω|Vτ ) = Ω|V0 . (2)
(see [14, Lemma 1] or [41]). The map T1 : U → V1 is the desired tubular neighbourhood,
and thanks to (2) it has property (1) of Theorem 1.1, while the existence of the holomorphic
leaves assures that it has property (2) (the details are provided in Section 4).
We now turn to making our uniqueness statement more precise.
Definition 1.3. We say that a solution (V,Ω) to the HMAE is complete if V is foliated
by complete leaves of the Monge-Ampe`re foliation, V0 ⊆ NY and whenever u ∈ V0 then
τu ∈ V0 for all τ ∈ D.
Given a regular solution (V,Ω) as in Theorem 1.2 we get a complete regular solution by
shrinking V if necessary.
Let ζ denote the vector field which generates the S1-action on V . From the fact that Ω is
cohomologous to pi∗Xω it follows that the S
1-action is Hamiltonian, in the sense described
in the next theorem.
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FIGURE 1. Local regularity of HMAE in neighbourhood of the proper
transform of Y ×D. The dotted lines represent the leaves of the Monge-
Ampe´re foliation associated to a regular solution Ω of the HMAE. The
tubular neighbourhood T : U → U˜ is obtained as the flow along these
leaves.
Theorem 1.4. Let (V,Ω) be a regular solution to the HMAE as in Theorem 1.2. Then the
function H := LJζΦ is a Hamiltonian for the S1-action, in that it satisfies
dH = ιζΩ.
Moreover H is constant along the leaves of the Monge-Ampe`re foliation associated to Ω.
If (V,Ω) is complete then H ≥ 0 with equality precisely on Y .
At least when Y is compact we can use this Hamiltonian to select a canonical regular
solution (Vcan,Ωcan) to the HMAE.
Definition 1.5. Given a complete solution (V,Ω) with HamiltonianH we define the radius
rad(V,Ω) of (V,Ω) to be the supremum of all λ ≥ 0 such that ∂H−1([0, λ)) ⊆ V . We
then define the canonical radius Λcan to be the supremum of rad(V,Ω) over all complete
solutions (V,Ω).
Note that the radius of a complete solution could be zero, and hence the canonical radius
Λcan could also be zero. But at least when Y is compact we clearly have that rad(V,Ω) >
0, and thus Λcan > 0.
Theorem 1.6. Assume that Y is compact (or more generally Λcan > 0). Then there exists
a unique complete solution (Vcan,Ωcan) to the HMAE as in Theorem 1.2 with
rad(Vcan,Ωcan) = Λcan
and
Hcan < Λcan.
HMAE AND CANONICAL TUBULAR NEIGHBOURHOODS IN KA¨HLER GEOMETRY 5
This canonical solution is maximal in the following sense. If (V,Ω) is any other complete
solution to the HMAE as in Theorem 1.2 then for any λ < rad(V,Ω) we have that
H−1([0, λ)) = H−1can([0, λ))
and there Ω = Ωcan.
Thus when Λcan > 0 the function Hcan|V1 gives a canonical smooth function defined on a
neighbourhood of Y in X (that depends on the Ka¨hler structure of X near Y ), whose level
sets give a canonical ”flow” away from Y , which we will revisit below.
1.3. Local regularity of weak solutions. For topological reasons one cannot find global
regular solutions of the HMAE on NY but instead of looking for local regular solutions
one can consider global weak solutions. Using a variant of the Perron envelope, for any
fixed number c one can construct a closed positive (1, 1)-current Ωw onNY cohomologous
to pi∗Xω − c[E] which restricts to ω on Xτ for τ ∈ S1, and such that
Ωn+1w = 0
in the sense of Bedford-Taylor. Thus Ωw is a globally defined weak solution to the HMAE.
Theorem 1.7. Suppose Y is compact (or more generally Λcan > 0). Then the weak
solution Ωw is equal to Ωcan on H−1can([0, c)). In particular Ωw is smooth and regular on
a neighbourhood of Y .
In particular this gives a local regularity result for the weak geodesic rays that are naturally
associated to the deformation to the normal cone (see Section 1.7).
1.4. Volume Growth of Canonical Tubular Neighbourhoods. Any Riemannian metric
g defines a tubular neighbourhood of Y through the exponential map, whose boundary is
of course the geodesic distance function dist(·, Y ) to Y . For our canonical tubular neigh-
bourhoods, the analog of the function dist(·, Y )2 is, up to some multiplicative constant,
the restriction of the Hamiltonian function Hcan from Theorem 1.6 to the fiber X1 ' X
(and we shall denote this restriction by h). Thus we actually have a flow of subsets
U˜λ := {x ∈ X : h(x) ≤ λ} for λ ≤ Λcan (3)
along with canonical tubular neighbourhoods
Tλ : Uλ ' U˜λ
from some subset Uλ of NY , with the properties of Theorem 1.1. It turns out that the
volume growth of these neighbourhoods is polynomial in λ, with coefficients that depend
only on the topology of Y and the Ka¨hler class of ω.
Theorem 1.8. Assume X is compact, and let pi : X˜ → X denote the blowup of X along
Y with exceptional divisor E. Then the volume of the tubular neighbourhood Tλ is
V olλ :=
∫
U˜λ
ωn
n!
=
1
n!
(∫
X
[ω]n −
∫
X˜
(pi∗[ω]− λ[E])n
)
where [E] denotes the class of the current of integration along E. In particular V olλ is a
polynomial in λ whose coefficients depend only on the topology of Y andX and the Ka¨hler
class of ω.
This result bears some similarity to a result of Gray [17] who computes the volume growth
of the tubular neighbourhood defined using the distance function dist(·, Y ) associated to a
Ka¨hler metric ω. Gray proves that, if X has constant sectional curvature, then this volume
is also a polynomial with topological coefficients (although the coefficients are different
to ours). It may be interesting to ask how these are related, but we will not pursue this
question here.
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1.5. Optimal regularity of plurisubharmonic envelopes. Very much connected to the
above discussion are some naturally defined envelopes that occur in pluripotential theory,
and our methods provides a new regularity theorem in this context. Let Y be a compact
complex submanifold of a (not necessarily compact) Ka¨hler manifold (X,ω) and let λ > 0
be a parameter. We consider the envelope
ψλ := sup{ψ ∈ PSH(X,ω) : ψ ≤ 0 and νY (ψ) ≥ λ}
where PSH(X,ω) denotes the set of ω-plurisubharmonic functions (i.e. upper semicon-
tinuous L1loc functions ψ such that ω + dd
cψ is a positive current) and νY (ψ) denotes the
Lelong-number of ψ along Y . Given this data, the equilibrium set is defined to be
Sλ := ψ
−1
λ (0)
whose complement Scλ is a neighbourhood of Y . As we will see (c.f. Theorem 6.2 and
Remark 6.3) our tubular neighbourhoods U˜λ from (3) are precisely the complement of the
equilibrium set.
Thus the above theorems have implications for the structure of this complement, so we
introduce the following definition of regularity that captures what we shall prove:
Definition 1.9. We say that ψλ has optimal regularity if
(1) Sλ is smoothly bounded.
(2) On Scλ \ Y the envelope ψλ is smooth and also
(ω + ddcψλ)
n−1 6= 0 on Scλ \ Y.
(3) There is a family {Dq} of holomorphic discs in Scλ, parametrized by points q in
the exceptional divisor in BlYX, such that the restriction of ω + ddcψλ to each
Dq is zero. Moreover each Dq passes through Y , the boundary of Dq lies in ∂Sλ
and the family {Dq} foliates the blowup of Scλ along Y (see Figure 2).
Y
X
Scλ
FIGURE 2. Optimal Regularity around a submanifold Y . Dotted lines
represent the discs Dq .
Recall that Λcan denotes the canonical radius.
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Theorem 1.10. Assume that Y is compact (or more generally Λcan > 0). Then for λ small
enough (i.e. λ < Λcan) the envelope ψλ has optimal regularity. Moreover the correspond-
ing holomorphic discs Dp all have area λ, and the boundaries ∂Sλ vary smoothly with
λ.
In fact ∂Sλ = H−1can(λ) ∩ V1 where Hcan is the Hamiltonian function of the canonical
solution (Vcan,Ωcan) to the HMAE associated to the data Y ⊂ (X,ω), and the foliation
of Scλ is the projection of the Monge-Ampe`re foliation.
The above result is interesting even in the simplest case that Y is a point in an open set in
Cn. This is then a purely local statement and we shall use the optimal regularity to prove
the existence of a flow in Cn by sets with a certain reproducing property:
Theorem 1.11. Let φ be a smooth strictly plurisubharmonic function on the open unit ball
B in Cn. Let ψλ be defined as
ψλ := sup{ψ ∈ PSH(B) : ψ ≤ φ, ν0(ψ) ≥ λ},
and thus the equilibrium set
Sλ := {ψλ = φ}.
Then for small λ (i.e. λ < Λcan) the envelope ψλ has optimal regularity. Also for any
bounded holomorphic function f on Bλ := B \ Sλ we have
1
vol(Bλ)
∫
Bλ
f
(ddcφ)n
n!
= f(0). (4)
Here Λcan is the canonical radius of the HMAE associated to the data {0} ⊂ (B, ddcφ).
The reproducing property in (4) arises in the theory of complex moments and the planar
Hele-Shaw flow in fluid mechanics (see Section 1.7) and gives a generalization of this flow
to all complex dimensions.
1.6. Outline of Proofs. The idea of the proof of Theorem 1.2 is to begin by picking a
point p ∈ Y and finding a regular solution to the HMAE in a neighbourhood of the proper
transform Dp of {p}×D inside the deformation to the normal coneNY . It turns out to be
possible, by a simple change of coordinates, to translate this to the Dirichlet problem for
the HMAE to one on a product U×D. The cost in this change is that whereas we originally
were seeking a solution with S1-invariant boundary data, the new boundary data will no
longer be S1-invariant. However it will be close to being S1-invariant near {p} × D,
and we will prove that this is sufficient to ensure that this new Dirichlet problem has a
regular solution (the proof relies on a correspondence between solutions to the HMAE and
foliations by holomorphic discs with boundary in some given Lagrangian submanifold, and
the existence of the latter is unchanged by small pertubations of this submanifold). Thus
for any point p ∈ Y we get a regular solution to the HMAE near Dp.
We then observe that regular solutions to HMAE enjoy some strong uniqueness properties
(even if they are defined locally) coming from the existence of the associated foliation.
We use this to show that these local solutions glue together to give a regular solution in a
neighbourhood of the proper transform Y of Y ×D. The fact that the solutions we produce
are cohomologous to pi∗Xω gives the existence of a Hamiltonian function, and we use this
to define the notion of canonical radius Λcan and to get a canonical regular solution to the
HMAE.
To prove that, if Y is compact (or more generally if Λcan > 0), the weak solution agrees
with the canonical regular one in a neighbourhood of Y we use the Legendre transform
of the potential Φ to deduce that on some neighbourhood of Y this Φ is bounded from
above by a local potential for the weak solution. The fact that ddcΦ is harmonic along the
leaves of the Monge-Ampe`re foliation allows us to use the maximum principle to deduce
the reverse inequality.
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For the result about the envelopes ψλ, the key point is that these can be shown to agree with
the Legendre transform of the potential for the canonical regular solution. The associated
foliation on NY can then be translated to this optimal regularity result on X .
1.7. Comparison with previous works. Tubular Neighbourhoods: It is well known
that holomorphic tubular neighbourhoods around a complex submanifold Y ⊂ X need not
exist. In fact if one does exist then the exact sequence 0 → TY → TX|Y → NY → 0
must split holomorphically. There are stronger results on non-existence, for instance it is a
theorem of Van de Ven [45] that the only connected submanifolds of projective space that
admit holomorphic tubular neighbourhoods are linear subspaces.
The local structure around a holomorphic submanifold Y goes back at least as far as the
seminal works of Grauert [16] and Griffiths [18], in which some basic notions in algebraic
geometry are developed, for example infinitesimal neighbourhoods, notions of positivity
of vector bundles and subvarieties, and some vanishing theorems (see [10] for a survey). In
this, and related works, what is often sought after is a holomorphic transverse foliation by
which what is meant a holomorphic family of disjoint subvarieties Sy for y ∈ Y such that
Sy ∩ Y = {y}. The existence of such a foliation places strong restrictions on the normal
bundle. In contrast, the Monge-Ampe`re foliations used here are typically not holomorphic,
and thus no assumptions on the normal bundle are needed.
Infinitesimal neighbourhoods in algebraic geometry (now called “formal neighbourhoods”)
appear from the work of Zariski and Grothendieck. One of the main uses of the deforma-
tion to the normal cone in algebraic geometry is to get around the non-existence of holo-
morphic tubular neighbourhoods (as used, for example, in intersection theory). Thus it is
not particularly surprising that this same deformation appears here.
Geodesics in the space of Ka¨hler Metrics: The Dirichlet problem for the complex HMAE
has a long history, going back at least as far as the fundamental work of Bedford-Taylor [4].
The existence of smooth (or regular) solutions is a difficult and much studied problem and
can depend in a subtle way on the boundary data (see [19] for a survey). Following work
of Semmes [41], Mabuchi [29], Donaldson [14], it is known that in the case of compact
fibres the existence of solutions can be interpreted as geodesic rays in the space of Ka¨hler
metrics, and the existence of regular solutions has deep implications to the theory of ex-
tremal metrics (for example [11, 36, 30, 31, 32, 39, 40, 44] among others). In the above
we consider this problem for the deformation to the normal cone of a submanifold Y . This
family is the simplest non-trivial example of a test-configuration that lies at the heart of
the Yau-Tian-Donaldson conjecture connecting the existence of a constant scalar curvature
Ka¨hler metric with the algebro-geometric notion of K-stability, and has been studied from
a number of points of view (for example [1, 24, 34, 35, 46]). So another interpretation of
Theorem 1.7 is that the Phong-Sturm geodesic in the space of Ka¨hler metrics associated to
the test-configuration given by the deformation to the normal cone of a submanifold Y is
regular near the orbit of Y .
Envelopes and Equilibrium Sets: The kind of envelopes we consider above are basic
objects in the study of the Monge-Ampe`re equation (see for example [26, Ch. 6]). They are
related to the asymptotic behaviour of the partial Bergman kernel involving holomorphic
sections that vanish to a particular order along the submanifold Y . This was first studied
in detail in the toric case by Schiffman-Zelditch [42] who introduced the name forbidden
region essentially for the complement of what we call the equilibrium set. This was then
taken up by Berman [6] in the general projective case (from whom we have taken the
terminology equilibrium set) who proves, among other things, that the envelopes are C1,1,
and then again by Berman-Demailly [7] in the setting of big Ka¨hler classes. We refer the
reader also to Ross-Singer [33] and Ross-Witt-Nystro¨m [37] where these envelopes are
considered further.
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To determine ∂Sλ and ψλ from φ as in Theorem 1.11 is a free boundary type of problem.
It is interesting to compare it with its ”fixed boundary” analogue. Given a domain Ω ⊂ Cn
and a point z ∈ Ω the pluricomplex Green function on Ω with logarithmic pole at z is
defined as
uz := sup{ψ ∈ PSH(Ω) : ψ ≤ 0, νz(ψ) ≥ 1}.
Note that because of the homogeneity of the boundary condition, scaling the size of the
pole only has the effect of scaling the original solution. Lempert proved in [28] that if Ω is
strictly convex and smoothly bounded, then the pluricomplex Green function has optimal
regularity, in the sense that there exists a family of discs Dq , all of which are attached to
the boundary of Ω, which foliates BlzΩ, and such that uz is harmonic along each disc Dq
except for having a simple pole at z. This regularity is known not to hold for more general
types of domains (see e.g. [2]), but when Ω is smoothly bounded and strictly pseudoconvex
Blocki [8] has shown that uz ∈ C1,1(Ω \ {z}) (see also [20]).
The Hele-Shaw flow: In the particular case that Y is a single point in a Riemann surface
(Σ, ω), the tubular neighbourhoods produced here describe a model of the Hele-Shaw flow
with empty initial condition and permeability encoded by ω. This has been studied by
Hedenmalm-Shimorin [22] for real-analytic hyperbolic Riemann surfaces. Using the Hele-
Shaw flow they construct an exponential map, which has the property that the image of any
concentric circle intersects orthogonally the image of any ray emanating from zero. One
can check that this implies that their exponential map differs from ours, and does not share
the properties listed in Theorem 1.1. The Hele-Shaw flow on a general Riemann surface
is the topic of previous work of the authors [38] in which we prove the n = 1 case of
Theorem 1.11. The link is made through the fact that the Hele-Shaw flow is characterized
by its complex moments, or said another way the reproducing property (4). In this way we
can consider Theorem 1.11 as a generalization of the Hele-Shaw flow to a point in Cn (but
do not claim that this has any fluids interpretation).
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2. PRELIMINARIES
2.1. Notation and Terminology. Deformation to the normal cone: Let Y be a complex
submanifold of a complex manifold X (which we always take to be connected, closed as a
subset and not equal to X). The deformation to the normal cone NY of Y is the blowup
NY pi→ X ×D
of X × D along Y × {0}. The exceptional divisor E = pi−1(Y × {0}) is isomorphic
to the projective completion P(NY ⊕ C) of the normal bundle NY of Y . The map pi is
an isomorphism away from E and the proper transform of a subvariety Z ⊂ X × D not
contained in Y × {0} is the closure (in the classical topology) of pi−1(Z \ Y × {0}) in
NY . We also let piX and piD denote the composition of pi with the projections to X and D
respectively.
Plurisubharmonic functions: The following notions can be found in [13, 26]. For an
open subset U of a complex manifold X we denote by PSH(U) the space of plurisubhar-
monic functions φ : U → R ∪ {−∞} on U . We say a function φ on U is pluriharmonic
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if both φ and −φ are plurisubharmonic, and φ is strictly plurisubharmonic if its curvature
ddcφ is a strictly positive current. Any Ka¨hler form ω can be written locally as ddcφ for
some smooth strictly plurisubharmonic function φ, which is uniquely defined up to addition
by pluriharmonic functions. Given a closed real (1, 1)-form α on X we let PSH(α) be
the set of upper-semicontinuous L1loc functions ψ such that α+ dd
cψ is a positive current.
So if α = ddcu on U then ψ ∈ PSH(α) if and only if u+ ψ ∈ PSH(U).
Foliations: A complex 1-dimensional foliation on a n-dimensional complex manifold X
consists of a set F of (not necessarily closed) 1-dimensional complex submanifolds of X
called leaves that cover X such that the following holds: there is a cover of X by charts
{Uα} and coordinate projections fα : Uα → R2n−2 that form a Γ2n−2 structure in the
sense of Haefliger [21] such that for each L ∈ F the set L ∩ Uα is the union of connected
components of f−1α (c) [3, p547]. By the Frobenius Theorem, any involutive k-dimensional
distribution of the tangent bundle of X is integrable, and thus this distribution is in fact the
tangent space to the leaves of a uniquely defined foliation. Moreover if this distribution is
complex (i.e. consists of complex subspaces of the tangent bundle) then the leaves of this
foliation are complex submanifolds by the Theorem of Levi-Civita (see the Appendix of
[26]).
2.2. The Dirichlet problem for the Homogeneous Monge-Ampe`re Equation. Suppose
that pi′ : V ′ → C is a surjective map from a complex (n+ 1)-dimensional manifold V ′ to
C such that all the fibers V ′τ := pi′−1(τ) are manifolds for all τ ∈ C. We let V := pi−1(D)
and pi := pi′|V : V → D. When dealing with functions (or forms) on V we consider it as
a (2n + 2)-real dimensional smooth manifold with boundary. In this paper V will always
be either a product V = X ×D or a subset of the deformation to the normal coneNY of a
submanifold Y ⊂ X (in which case V ′ isX×C or an open subset of the blowup ofX×C
along Y × {0} with the obvious projection).
Definition 2.1. We shall refer to a smooth family of Ka¨hler forms ωτ on Vτ for τ ∈ S1
as boundary data for V . If V is a subset of NY then the Ka¨hler form ω on X induces the
boundary condition ωτ = ω|Vτ which we refer to as the boundary condition induced by ω.
Definition 2.2. We say that a smooth closed real (1, 1)-form Ω on V is a regular solution
to the HMAE with boundary data ωτ if
(1) Ω|Vτ is Ka¨hler for all τ ∈ D,
(2) Ω|Vτ = ωτ for all τ ∈ S1, and
(3) Ωn+1 = 0 on V .
The distribution defined by the kernel of a regular solution Ω to the HMAE is integrable
(since Ω is closed), complex (since Ω is (1, 1)), and one-dimensional and transverse to the
fibers (since Ω is nondegenerate along the fibers) (see [3] or [14]). Thus by the Frobenius
integrability theorem there is 1-dimensional complex foliation of V , and by construction
the restriction of Ω to each such leaf vanishes. We shall refer to this as the Monge-Ampe`re
foliation determined by Ω.
2.3. A local existence result for the HMAE. We now present a local existence result
for the HMAE. Our proof uses the connection between such solutions and foliations by
holomorphic discs, and is based on the Donaldson’s proof [14] of the following theorem:
Theorem 2.3. Let (X,ω) be compact Ka¨hler and set V = X × D. Suppose that for
some function F (z, τ) on V the form ΩF = pi∗Xω + dd
cF is a regular solution to the
HMAE with boundary data ωτ := ω + ddcF (·, τ). Then any smooth function g = g(z, τ)
on X × S1 that is sufficiently close to F|X×S1 with respect to the C∞-topology can be
uniquely extended to smooth function G on V such that ΩG = pi∗Xω + dd
cG is a regular
solution to the HMAE with boundary data ω + ddcg(·, τ).
HMAE AND CANONICAL TUBULAR NEIGHBOURHOODS IN KA¨HLER GEOMETRY 11
We recall some ingredients of the proof. Semmes [41] constructs a fiber bundle WX over
X, locally modelled on the cotangent bundle ofX, such that Ka¨hler metrics ofX cohomo-
loguous to ω correspond precisely to certain LS-submanifolds of WX . The boundary data
ωτ := ω + dd
cF (·, τ) then correspond to a LS-submanifold Λτ of WX ×D. Donaldson
proves in [14] that regular solutions to the HMAE over X ×D correspond to certain fami-
lies of holomorphic discs in WX ×D that cover D and attach to Λτ along their boundary.
The projection of these discs to X ×D will form the Monge-Ampe`re foliation associated
to the regular solution. The proof of Theorem 2.3 then relies on the deformation theory for
holomorphic discs attached to totally real submanifolds (an LS-submanifold is in particu-
lar totally real).
By using similar ideas we next prove a local existence theorem for regular solutions to the
HMAE in a particular setting (what we do here is somewhat easier in that it only involves
rather specific deformations of the LS-submanifold).
Theorem 2.4. Let φ be a smooth strictly plurisubharmonic function on the open unit ball
B1 ⊆ Cn and assume that
φ(z) = |z|2 +O(|z|3). (5)
Let φτ (z) := φ(τz′, z′′) for τ ∈ S1 where z′ = (z1, ..., zr) and z′′ = (zr+1, ..., zn) for
some number r. Then there exists a δ ∈ (0, 1] and a regular solution Ω to the HMAE on
Bδ × D with boundary data ωτ := ddcφτ (z)|Bδ . The solution Ω is invariant under the
following S1-action ρ:
ρ(eiθ) · (z′, z′′, τ) := (eiθz′, z′′, e−iθτ) = (eiθz1, . . . , eiθzr, zr+1, . . . , zn, e−iθτ).
Furthermore there exists a smooth function Φ′ on Bδ × D such that ddcΦ′ = Ω and
Φ′(z, τ) = φτ (z) for τ ∈ S1.
Proof. Our Ka¨hler manifold is in this case B1 and the fiber bundle WX is identified with
B1 × Cn. Let w denote the variables of the fiber Cn. The LS-submanifold Λτ corre-
sponding to the boundary data φτ (z) is the graph of ∂∂zφτ (z) over B1 × S1. We first note
that
τ 7→ (0, 0, τ) ∈ B1 × Cn ×D
is a holomorphic disc which attaches along its boundary to Λτ thanks to the assumption
(5).
Consider the case when φ(z) = |z|2. Then for any z ∈ B1 we have a holomorphic disc
τ 7→ (z, z¯, τ)
which attaches to Λτ along its boundary. These form a 2n-dimensional family of such
discs, whose projections toB1×D forms a foliation (the standard one). Donaldson proves
in [14, p192] that in this case the discs are superregular (we refer the reader to [14, Defini-
tion 1] for the definition of superregular). In particular they are regular and have index 2n,
so any holomorphic disc nearby τ 7→ (0, 0, τ) that attaches to Λτ along its boundary must
be of the form τ 7→ (z, z¯, τ) (which can also be seen directly).
The property of a disc to be superregular only depends on the tangent space of Λτ inside the
total tangent bundle restricted to the disc. Since this is unchanged for the disc τ 7→ (0, 0, τ)
when φ(z) = |z|2 is replaced with φ(z) = |z|2 +O(|z|3) we conclude that the disc is still
superregular. Thus it belongs to a family of discs attaching to Λτ whose projections foliate
an open subset V ⊂ B1×D. Since φτ is invariant under the S1-action we can assume that
V is as well. We can also assume that each fiber Vτ is open and diffeomorphic to a ball.
We now argue exactly as in [14, Proposition 1, Lemma 3] to deduce the existence of a
regular solution Ω to the HMAE on some Bδ × D ⊆ V with the correct boundary data.
The S1-invariance of the boundary data and uniqueness of the discs ensure that Ω will be
S1-invariant.
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For the final statement, by the ddc-lemma we can find some function Φ′′ on Bδ × D
such that ddcΦ′′ = Ω, and we can assume Φ′′ to be S1-invariant. We then have that
h(z) := Φ′′(z, 1)− φ(z) is pluriharmonic on Bδ . It now follows that
Φ′(z, τ) := Φ′′(z, τ)− h(τz)
has the desired properties. 
3. LOCAL REGULAR SOLUTIONS
3.1. Local Existence. Let Y be a complex submanifold of a Ka¨hler manifold (X,ω) and
consider the family NY pi→ X ×D given by the deformation to the normal cone of Y . We
recall that we say that a leaf of a one dimensional foliation on a subset of NY is complete
if the projection by piD from this leaf to the base D is a surjection.
Definition 3.1. For p ∈ Y we let Dp denote the proper transform of {p} ×D in NY .
Definition 3.2. A local regular solution to the HMAE with boundary data induced by ω
for a subset A ⊂ Y consists of a pair (V,Φ) such that
(1) V is an open S1-invariant neighbourhood of the closure (in the classical topology)
of pi−1(A×D \ Y ×{0}), that does not meet the singular locus of pi−1D (0) and so
all fibers Vτ for τ ∈ D are smooth manifolds,
(2) Φ is a smooth real valued S1-invariant function on V which is zero on Vτ , τ ∈ S1,
(3) Ω := pi∗Xω + dd
cΦ is a regular solution to the HMAE on V ,
(4) V is the union of complete leaves of the Monge-Ampe`re foliation determined by
Ω, and if a leaf intersects Y then it must be equal to Dp for some p ∈ Y .
Note that it follows from the definition that if (V,Φ) is a local regular solution to the
HMAE for A ⊆ Y then Dp is part of the Monge-Ampe`re foliation for each p ∈ A.
Proposition 3.3. Let p ∈ Y . Then there exists a local regular solution (V,Φ) to the HMAE
for the subset {p}.
As discussed previously, the idea is to reduce the problem to finding regular solutions to
the HMAE over a neighbourhood of Dp which looks like a ball times the disc, i.e. the
product case, but with a twisted boundary condition. To set this up, let z1, . . . , zn be
coordinates centered at p chosen so that Y is given locally by z1 = · · · = zr = 0 (these
coordinates will later be chosen with additional properties). For simplicity we shall write
z = (z′, z′′) where z′ = (z1, . . . , zr) and z′′ = (zr+1, . . . , zn). Let f : Bδ → X denote
the corresponding holomorphic embedding of the ball of radius δ, where δ is chosen small
enough so that Y is given by z1 = · · · = zr = 0 on the chart f−1 : U → Bδ . Let also
ωf := f
∗ω.
Consider the map Γ: Bδ ×D× → U ×D× given by
Γ(z, w) = (f(wz′, z′′), w).
Considering U ×D× embedded in NY by pi−1, we see from the definition of the blowup
that this map extends to a biholomorphism from Bδ × D to an open set V ⊂ NY that
contains Dp. Henceforth we shall let
Γ: Bδ ×D → V (6)
denote this extended biholomorphism. Thus Γ−1 is a holomorphic chart onNY containing
Dp.
Recall the holomorphic action ρ of S1 on Bδ ×D :
ρ(eiθ) · (z′, z′′, τ) := (eiθz′, z′′, e−iθτ) = (eiθz1, . . . , eiθzr, zr+1, . . . , zn, e−iθτ).
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Under the biholomorphism Γ the action ρ is the same as the S1 action on NY considered
above restricted to V = Γ(Bδ ×D). We shall therefore refer to this data as a ρ-chart. By
abuse of notation we will let the holomorphic action of S1 on B1 given by
eiθ · (z′, z′′) := (eiθz′, z′′)
also be denoted by ρ.
Proposition 3.4. There exists a local regular solution to the HMAE for the subset {p} if
and only if there exists a ρ-chart f−1 : U → Bδ centered at p together with a smooth
real ρ-invariant function Φ′ on Bδ ×D such that Ω′ := ddcΦ′ is a regular solution to the
HMAE with boundary condition ωτ := ρ(τ)∗ωf .
Proof. If (V,Φ) is a local regular solution to the HMAE for the subset {p} then pick
a ρ-chart f−1 : U → Bδ centered at p such that Γ(Bδ × D) ⊆ V . Let Φ′(z, τ) :=
φ ◦ ρ(τ)(z) + Φ ◦Γ(z, τ), where ddcφ = ωf . Since the usual S1-action onNY restricts to
ρ on the coordinate chart Bδ ×D, Φ′ is ρ-invariant, and since Γ is a biholomorphism Ω′ is
a regular solution to the HMAE on Bδ ×D. One easily checks that it has boundary values
ωτ := ρ(τ)
∗ωf .
For the other direction, let us assume that we have a ρ-chart and an ρ-invariant function
Φ′ on Bδ × D such that Ω′ := ddcΦ′ is a regular solution to the HMAE with boundary
condition ωτ := ρ(τ)∗ωf . Let φ := Φ′|Bδ×{1}. As the boundary data is invariant, the same
is true for the associated Monge-Ampe`re foliation of Bδ ×D. In particular {0} ×D must
be a leaf of this foliation, so by continuity there exists a neighbourhood V ′ of {0} × D
consisting of complete leaves. Since the the foliation is ρ-invariant we can take the union
of all ρ(eiθ)V ′ which is then a ρ-invariant neighbourhood V ′ of {0} × D consisting of
complete leaves, and we now call this neighbourhood V ′. Because Γ is a biholomorphism,
Γ∗ω = ρ(τ)∗ωf on Bδ × S1 and ρ corresponds to the restriction of the usual S1-action
on NY to V = Γ(V ′) we get that (V,Φ) where Φ := Φ′ ◦ Γ−1 − φ ◦ f−1 ◦ piX is a local
regular solution to the HMAE for the subset {p}. 
Lemma 3.5. There exists a ρ-chart centered at p such that ωf = ddcφ with
φ(z) = |z|2 +O(|z|3).
Proof. For completeness we include the standard argument. Let u = (u′, u′′) with u′ =
(u1, . . . , ur) and u′′ = (ur+1, . . . , un) be coordinates centered at p defining some ρ-chart,
and thus Y is given locally by u′ = 0. Also choose a potential ψ for ωf . The fact that ψ is
real valued implies that the Taylor expansion around 0 takes the form
ψ(u) = α+Re(
∑
i
αiui + βiu
2
i ) +
∑
ij
γijuiu¯j + o(|u|3)
for some real coefficients α, αi, βi with
γij =
∂2ψ
∂ui∂uj
|u=0.
Clearly h(u) := α + Re(
∑
i αiui + βiu
2
i ) is pluriharmonic since it is the real part of a
holomorphic function.
As ψ is strictly plurisubharmonic, Γ := (γij) is a positive definite hermitian. Thus by
choosing an orthonormal basis with respect to the hermitian form given by Γ one gets
a linear change of coordinates P so that P ∗ΓP = I . Moreover this can be achieved
whilst preserving a given subspace (say by first picking such an orthonormal basis for this
subspace). Thus there exits a matrix with block form
P :=
( ∗ 0
∗ ∗
)
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so that P ∗ΓP = I . Letting z := Pu we get a new ρ-chart f ′ with Y = {z′ = 0} and
ψ(P−1z) = h(P−1z) + |z|2 +O(|z|3).
Now ωf ′ = ddcφ where φ(z) := ψ(P−1z) − h(P−1z) which clearly is of the right
form. 
Proof of Proposition 3.3. The existence of a local regular solution for the subset {p} fol-
lows immediately on combining Proposition 3.4, Lemma 3.5 with Theorem 2.4. 
3.2. Patching. We now show how the local solutions provided in Section 3.1 patch to-
gether. This will follow from a local uniqueness property for these regular solutions.
Proposition 3.6. If (V α,Φα) is a local regular solution to the HMAE for a subset A ⊆ Y
and (V β ,Φβ) is a local regular solution to the HMAE for a subset B ⊆ Y then in fact
Φα = Φβ in some neighbourhood of the closure of pi−1(A ∩B ×D \ Y × {0}).
Proof. Pick a point p ∈ A ∩ B and a ρ-chart f−1 : U → Bδ centered at p such that
Γ(Bδ × D) ⊆ (V α ∩ V β). Let φ be a function such that ddcφ = ωf and let Φ′ :=
φ ◦ ρ(τ)(z) + Φα ◦ Γ(z, τ) and Φ′′ := φ ◦ ρ(τ)(z) + Φβ ◦ Γ(z, τ). Then Φ′ and Φ′′
are two ρ-invariant regular solutions to the HMAE on Bδ × D with the same boundary
values. Let L be a complete leaf of the foliation associated to Ω′, clearly we have that Φ′
is harmonic along L. Since Φ′ = Φ′′ on the boundary of L while Φ′′ is subharmonic on
L it follows from the maximum principle that Φ′ ≥ Φ′′ on L. We know that the constant
disc {0} × D = Γ−1(Dp) is part of the Monge-Ampe`re foliation of Ω′ := ddcΦ′ ( as
well as that of Ω′′ := ddcΦ′′) and thus a neighbourhood of {0} × D is foliated by such
complete leaves, so in this neighbourhood Φ′ ≥ Φ′′. But arguing the same way using
complete leaves of the foliation associated to Ω′′ now gives us that in fact Φ′ = Φ′′ in a
neighbourhood of {0} × D. Pulling back by Γ−1 yields the identity of Φα and Φβ near
Dp, and we are done. 
Remark 3.7. For spaces piD : V → D where the fibers are compact manifolds with-
out boundary there exist general uniqueness results for the Homogeneous Monge-Ampe`re
equation even for weak solutions. However the local uniqueness result stated here is quite
different in that it does not depend on the behaviour of the solution near the boundary of
V .
If (V,Φ) is a local regular solution to the HMAE and C ⊆ V1 then we let VC be defined
as the union of all leaves of the associated Monge-Ampe`re foliation which connect to
C×{1} ⊆ NY . Note that this is an S1-invariant subset ofNY . Given  > 0 we will let C
denote the set of points inX within an  distance of C (measured using the Ka¨hler metric).
Lemma 3.8. IfA,B are two compact subsets of Y and (V α,Φα) is a local regular solution
to the HMAE for A while (V β ,Φβ) is a local regular solution to the HMAE for B, then
there exists a local regular solution (V,Φ) to the HMAE for A ∪ B. Moreover if C is a
compact subset of X such that C ∩ Y = A then we can choose (V,Φ) so that for some
 > 0 we have that V αC ⊆ V and Φ = Φα on V αC .
Proof. By Proposition 3.6, for any point p ∈ A ∩ B we can pick an S1-invariant neigh-
bourhood Up ofDp in V α∩V β where Φα = Φβ , consisting only of complete leaves of the
associated foliation. LetU denote the union of those neighbourhoods. Now we pick a com-
pact subset C ⊆ V α1 such that C ∩ Y = A. By property (4) of a local regular solution (see
Definition 3.2) we have that V αC2∩Y is equal to the closure of pi−1(C2∩Y ×D\Y ×{0}).
This implies that when  is small enough
V αC ∪ U ∪ (Vβ \ V αC2)
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is a neighbourhood of the closure of pi−1(A∪B)×D \ Y ×{0}). We then define Φ to be
equal to Φα on V αC , while letting it be Φ
β on (Vβ \ V αC2), and then equal to either one on
U . This now gives local regular solution (V,Φ) to the HMAE for A ∪B. 
The following gives a proof of Theorem 1.2. As before the data consists of a Ka¨hler
manifold (X,ω) (not necessarily compact) together with a complex submanifold Y ⊂ X .
Theorem 3.9. There exists a local regular solution (V,Φ) to the HMAE for Y . In partic-
ular it means that we have an S1-invariant neighbourhood V of Y in NY and a smooth
closed S1-invariant real (1, 1)-form Ω := pi∗Xω+ dd
cΦ on V that gives a regular solution
to the homogeneous Monge-Ampe`re equation with boundary data induced by ω, i.e.
(1) Ω|Vτ is Ka¨hler for all τ ∈ D,
(2) Ω|Vτ = ω|Vτ for all τ ∈ S1, and
(3) Ωn+1 = 0 on V .
Moreover the germ around Y of any such S1-invariant regular solution is unique.
Proof. Using Proposition 3.3 there is a collection (V αi ,Φαi), (i ∈ I with I = {1, ..., N}
or I = N) of local regular solutions to the HMAE for compact subsets Ai ⊆ Y such that
{A◦i }i∈I is a locally finite cover of Y . Let C1 := A1. Then by Lemma 3.8, for some
1 > 0 we can find a locally regular solution (V 2,Φ2) to the HMAE for (A11 ∩ Y ) ∪ A2
such that V α1
A
1
1
⊆ V 2 and so that Φ2 = Φα1 there. For k ≥ 2 we let Ck := Ckk−1 ∪ Ak
and do the same thing, and we will get a sequence of local regular solutions (V k,Φk) to
the HMAE for ∪ki=1Ai. We note that the subsets V kCk+1k are all S
1-invariant and increase
with k, and for l > k, Φl = Φk on V k
C
k+1
k
. Let V := ∪∞k=1V kCk+1k and define Φ by letting
it be Φk on V k
C
k+1
k
, then it is immediate that (V,Φ) has the properties described in the
theorem. This proves the existence part, while the uniqueness of the germ follows directly
from Proposition 3.6. 
In fact we can say a bit more than just that the germ of any regular solution is unique, but
for this we need to introduce the notion of complete regular solutions.
Definition 3.10. We will call a pair (V,Ω) a complete regular solution to the HMAE (or
in short a complete solution) if it is a regular solution to the HMAE as in Theorem 1.2 (so
in particular it is cohomologous to pi∗Xω) such that V is foliated by complete leaves of the
Monge-Ampe`re foliation, V0 ⊆ NY and whenever u ∈ V0 then τu ∈ V0 for all τ ∈ D.
Given a regular solution (V,Ω) as in Theorem 1.2, by shrinking V we can always get a
nontrivial complete solution.
Proposition 3.11. If (V,Ω) and (V ′,Ω′) are two complete solutions and V0 ⊆ V ′0 then
V ⊆ V ′ and Ω = Ω′ on V .
Proof. Let Φ and Φ′ be the potentials of Ω and Ω′ respectively. Pick a point u ∈ V0 and let
Lt denote the leaf in the Monge-Ampe`re foliation of Ω that passes through tu for t ∈ [0, 1].
Let also L′t denote the leaf in the Monge-Ampe`re foliation of Ω′ that passes through tu.
We know that L0 = L′0. Let T := sup{t : Lt = L′t}. We claim that T = 1. Indeed, if
Lt = L′t then there is a neighbourhood U ⊆ V ∩ V ′ of Lt consisting of complete leaves
of the Monge-Ampe`re foliation of Ω. On any such leaf Φ′ − Φ is subharmonic, and since
this function is zero on the boundary of the leaf we get that Φ ≥ Φ′. Similarly, using a
neighbourhood of Lt = L′t consisting of leaves of the foliation associated to Ω′ we get
that in fact Φ = Φ′ in a neighbourhood of Lt, and hence the foliations agree there. This
implies that the set of points t ∈ [0, 1] such that Lt = L′t is open. On the other hand it is
closed since the leaves vary continuously with t. This thus shows that L1 = L′1 and also
that Φ = Φ′ on that leaf. Since V is foliated by such leaves it gives us the proposition. 
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Remark 3.12. Note that in the proof we only used the facts that V and V ′ were foliated
by complete leaves, V0 ⊆ NY , V0 connected and V0 ⊆ V ′0 .
Let ζ denote the vector field generated by the S1-action on V . From the fact that Ω is
cohomologous to pi∗Xω follows that the S
1-action is Hamiltonian, in the sense described in
the next theorem.
Theorem 3.13. Let (V,Ω) be a regular solution to the HMAE as in Theorem 1.2. Then the
function H := LJζΦ is a Hamiltonian for the S1-action, in that it satisfies
dH = ιζΩ. (7)
H is constant along the leaves of the Monge-Ampe`re foliation associated to Ω. Further-
more if (V,Ω) is complete then H ≥ 0 with equality precisely on Y .
Proof. From the definition of the ddc-operator we get that
dLJζΦ = ιζdd
cΦ = ιζ(Ω− pi∗Xω),
but on the other hand clearly ιζpi∗Xω = 0, and thus H := LJζΦ is a Hamiltonian for the
S1-action.
The Lie derivative of H with respect to the vector field ξ obtained by the flow along a leaf
of the associated foliation is
LξH = ιξdH = 0
where we have used (7) and that by definition ξ lies in the kernel of Ω. Thus H is constant
along leaves. As Φ is zero on Y and ζ is tangential to Y we get that H = 0 along Y .
It remains to prove that H is strictly positive away from Y when the solution is complete.
Since H is constant along the leaves of the foliation it suffices to consider H on the discs
{τu : u ∈ V0 \ ι(Y ), τ ∈ D} ⊆ V0. We have that
H(u) =
d
dt t=0
Φ(et/2u)
and since pi∗Xω restricts to zero on the disc the function t 7→ Φ(etu) is strictly convex and
0 at t = −∞, which implies that H(u) > 0 as long as u /∈ ι(Y ). 
3.3. Canonical solutions. We will now show how to define a canonical complete solution
(Vcan,Ωcan), at least when Y is compact.
Definition 3.14. Given a complete solution (V,Ω) with Hamiltonian H we define the
radius rad(V,Ω) of (V,Ω) to be the supremum of all λ ≥ 0 such that ∂H−1([0, λ)) ⊆
V . We then define the canonical radius Λcan to be the supremum of rad(V,Ω) over all
complete solutions (V,Ω).
Note that the radius of a complete solution could be zero, and hencethe canonical radius
Λcan could also be zero. But at least when Y is compact we clearly have that rad(V,Ω) >
0, and thus Λcan > 0.
Lemma 3.15. If (V,Ω) is a complete solution and λ > 0 then (H−1([0, λ)),Ω) is a new
complete solution.
Proof. Since H is constant along the leaves we see that H−1([0, λ) is still foliated by
complete leaves, and from the proof of Theorem 3.13 we see that H(τu) ≤ H(u) when
τ ∈ D, showing that the discs {τu : τ ∈ D} lie in H−1([0, λ)) when u does. 
Proposition 3.16. If (V,Ω) and (V ′,Ω′) are two complete solutions with
rad(V,Ω) ≤ rad(V ′,Ω′)
then letting λ := rad(V,Ω) we have that
H−1([0, λ)) = (H ′)−1([0, λ))
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and Ω = Ω′ there.
Proof. Clearly we can assume that λ > 0 since otherwise the statement is vacuous.
By Lemma 3.15 the solutions (H−1([0, λ)),Ω) and ((H ′)−1([0, λ)),Ω′) are still com-
plete, so for ease of notation we may as well assume that V = H−1([0, λ)) and V ′ =
(H ′)−1([0, λ)) (and hence rad(V ′,Ω′) = λ). Pick a point u ∈ V0, then we know that
H(u) < λ. We now use an argument similar similar to the one in the proof of Proposi-
tion 3.11. Thus we let Lt denote the leaf in the Monge-Ampe`re foliation of Ω that passes
through tu for t ∈ [0, 1]. We also let L′t denote the leaf in the Monge-Ampe`re foliation of
Ω′ that passes through tu, if there is any such leaf. We let T := sup{t : Lt = L′t} and
again we claim that T = 1. That the set of points t ∈ [0, 1] such that Lt = L′t is open
follows exactly as before. On the other hand,
lim
t→T
H ′(tu) = lim
t→T
H(tu) < λ
which since rad(V ′,Ω′) = λ implies that Tu ∈ V ′. Then the closedness follows as before
since the leaves vary continuously with t, which exactly as in the proof of Proposition 3.11
gives us the desired equalities.

Armed with this result it is immediate how to construct a canonical complete solution
(Vcan,Ωcan) when the canonical radius Λcan is positive. Namely, let (Vi,Ωi) be any
sequence of complete solutions such that λi := rad(Vi,Ωi) is increasing to Λcan. Then
we define
Vcan := ∪iH−1i ([0, λi))
and we let Ωcan be defined to be equal to Ωi on H−1i ([0, λi)). That this is a well-defined
complete solution now follows immediately from Proposition 3.16. We have thus proved
Theorem 1.6 from the Introduction:
Theorem 3.17. Let Y be compact (or more generally assume that Λcan > 0). Then there
is a unique complete solution (Vcan,Ωcan) such that
rad(Vcan,Ωcan) = Λcan
and
Hcan < Λcan.
This canonical solution is maximal in the following sense. If (V,Ω) is any other complete
solution then for any λ < rad(V,Ω) we have that
H−1([0, λ)) = H−1can([0, λ))
and there Ω = Ωcan.
4. TUBULAR NEIGHBOURHOODS
Let Y be a submanifold in a Ka¨hler manifold (X,ω). Recall that pi : NY → Y denotes the
normal bundle and ι : Y → NY is the inclusion of Y as the zero section in NY .
Definition 4.1. A tubular neighbourhood of Y in X is a smooth map T : U → X from an
open neighbourhood U of ι(Y ) in NY which is a diffeomorphism onto a neighbourhood
T (U) of Y with T ◦ ι = idY .
Suppose that Ω is as provided by Theorem 3.9, so is a regular solution to the HMAE on a
neighbourhood V ⊂ NY of the proper transform Y of Y ×D with boundary data ω. Recall
that U := V0 denotes the central fibre of V , which is a neighbourhood of ι(Y ) ⊂ NY .
Definition 4.2. We let ωNY be the restriction of the regular solution Ω of the HMAE to U .
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So ωNY is an S
1-invariant Ka¨hler form on U , and by the uniqueness property of regular
solutions, the germ of this Ka¨hler form around ι(Y ) ⊂ NY is independent of choice of Ω.
We recall that V was assumed to be a union of complete leaves of the Monge-Ampe`re
foliation determined by Ω. Thus flowing along these leaves gives an injective smooth map
Tˆ : U ×D → V
such that piDTˆ (u, τ) = τ and for each u ∈ U the map Tˆu(τ) = Tˆ (u, τ) is holomorphic.
The family of maps Tˆ (·, τ) has an additional remarkable property.
Proposition 4.3. For any τ ∈ D we have that
Tˆ (·, τ)∗(Ω|Vτ ) = ωNY . (8)
Proof. This is classical (see e.g. [3] or [14]) but for the convenience of the reader we give
the simple argument here.
When differentiating the left hand side of (8) by a vector field v on the base one gets
Tˆ (·, τ)∗(Lv˜Ω|Vτ )
where v˜ is the unique lift of v to V parallel to the foliation, and at the same time by Cartan’s
formula
Lv˜Ω = ιv˜dΩ + dιv˜ω = 0
since Ω is closed and v˜ lies in the kernel. Thus the left hand side of (8) is independent of
τ, so letting τ be zero completes the proof. 
Definition 4.4. We define T : U → X by
T (u) = Tˆ (u, 1) (9)
Lemma 4.5. T : U → X is a tubular neighbourhood of Y and T ∗ω = ωNY . In particular
T ∗ω is Ka¨hler and S1-invariant.
Proof. By construction T : U → X is a tubular neighbourhood. The second statement
follows from Proposition 4.3. 
The next result completes the Proof of Theorem 1.1 in the Introduction.
Proposition 4.6. Let u ∈ U and fu : S1 → X be given by fu(eiθ) = T (eiθu) for eiθ ∈
S1. Then there exists a holomorphic Fu : D → X extending fu such that
Fu(0) = pi(u) and
[
DFu|0( ∂
∂x
)
]
= u.
Proof. For u ∈ U there is a unique holomorphic leaf Lu of the Monge-Ampe`re foliation
that passes though u and by definition of T it contains the point (T (u), 1). Now let Fu
be the lift from D to L composed with the projection to X . It is then immediate that
Fu(1) = T (u), Fu(0) = pi(u) and
[
DFu|0( ∂∂x )
]
= u. The S1-invariance of the foliation
implies that
Lu = e−iθ · Leiθu,
and thus (T (eiθu), eiθ) ∈ Lu. Thus we get that Fu extends fu. 
When Y is compact (or more generally Λcan > 0) we clearly get a canonical tubular
neighbourhood Tcan : Ucan → X with the desired properties by using the canonical
complete solution (Vcan,Ωcan).
We also have the following characterization of when the germ of T is holomorphic at a
given point ι(p) ∈ ι(Y ).
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Proposition 4.7. The germ of T is holomorphic around a point ι(p) ∈ ι(Y ) if and only if
there exists a neighbourhood Up of p together with a holomorphic S1-action on Up such
that ω|Up is invariant, Y ∩ U is fixed pointwise and the induced action on NY ∩U is equal
to the usual rotation of its fibers.
Proof. If the germ of T is holomorphic at ι(p) then we can take Up to be the image under
T of an S1-invariant neighbourhood of ι(p), and consider the induced action of S1 on the
image. This will then have the described properties since T ∗ω is S1-invariant.
Let now Up be a neighbourhood of p with the properties described above. Choose holo-
morphic coordinates zi centered at p such that locally around p we have that Y is given by
the equations zi = 0, 1 ≤ i ≤ r. Let σ denote the S1-action on Up. For 1 ≤ i ≤ r we let
z˜i be the holomorphic function defined by
z˜i(x) :=
1
2pii
∫
zi(σ(τ) · x)τ−2dτ,
while for r < i ≤ n we let
z˜i(x) :=
1
2pii
∫
zi(σ(τ) · x)τ−1dτ.
Then these coordinates z˜i define a ρ-chart f−1 : U → Bδ and it is easy to see that on this
chart ρ = σ. Thus by assumption ωf is ρ-invariant, giving rise to the trivial local regular
solution pi∗Bδωf . The associated foliation is the trivial one, and by uniqueness (Proposition
3.6) the Monge-Ampe`re foliation of any regular solution agrees with this trivial one near
Dp. In particular we see that T is holomorphic near ι(p). 
5. LOCAL REGULARITY OF WEAK SOLUTIONS
Recall that one cannot find global regular solutions of the HMAE on NY but instead of
looking for local regular solutions one can consider global weak solutions.
If Ψ is a pi∗Xω-psh function on NY and νE(Ψ) ≥ c then pi∗Xω + ddcΨ − c[E] is a closed
positive current cohomologous to pi∗Xω − c[E]. Pick a c > 0 and let Φw be defined as
the supremum of all pi∗Xω-psh functions on NY such that Ψ ≤ 0 on X × S1 and with
νE(Ψ) ≥ c.
We call the closed positive (1, 1)-current on NY :
Ωw := pi
∗
Xω + dd
cΦw − c[E]
the weak solution to the HMAE on NY . A motivation for this comes from the following
theorem.
Theorem 5.1. The closed positive (1, 1)-current
Ωw := pi
∗
Xω + dd
cΦw − c[E]
solves the weak HMAE on Y with boundary condition induced by ω, i.e.
Ω|pi−1(τ) = ω for τ ∈ S1, (weak-HMAE)
Ωn+1w = 0 on pi
−1
D (D
×)
Proof. We first note that Φw is subharmonic on each disc Dp, p ∈ X, and bounded from
above by zero on their boundaries, which implies by the maximum principle that Φw ≤ 0.
On the other hand it is clear that c ln |τ |2 is a candidate for the supremum, which then gives
us that
c ln |τ |2 ≤ Φw ≤ 0.
Thus Φw(x, τ) → 0 uniformly as τ → 1, which gives us the boundary value statement of
(weak-HMAE).
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We stress that since Φw is not necessarily smooth, the term Ωn+1w is to be taken in the sense
of Bedford-Taylor. From the inequality c ln |τ |2 ≤ Φw we get that Φw is locally bounded
away from the central fiber. Now a standard local argument due to Bedford-Taylor [4] (see
also Demailly [12, 12.5]) shows that Ωn+1w = 0 away from the central fiber as claimed. 
Theorem 5.2. Assume that Y is compact (or more generally Λcan > 0) and let (Vcan,Ωcan)
be the canonical complete solution as provided by Theorem 1.6. Then
Ωw = Ωcan
on H−1can([0, c)). In particular Ωw is regular in a neighbourhood of the proper transform
of Y ×D.
To prove Theorem 5.2 we will consider the Legendre transform of Φ := Φcan, i.e. the
unique S1-invariant function on V := Vcan being zero on V1 such that Ωcan = pi∗Xω +
ddcΦ.
So for 0 ≤ λ < Λcan we consider the Legendre transform
αλ(x) := inf{Φ(x, τ) + λ ln |τ |2 : (x, τ) ∈ V ∩ (X ×D×)}. (10)
Note that the function g(t) := Φ(x, e−t/2)− λt is convex and
g′(t) = H(x, e−t/2)− λ, (11)
where H := Hcan is the Hamiltonian. Since H → Λcan as (x, τ) approaches ∂V it
follows that the infimum in (10) is attained in V .
Proposition 5.3. For λ < Λcan the function αλ is ω-psh, {αλ < 0} = H−1([0, λ)), and
νY (αλ) ≥ λ.
Proof. That αλ is ω-psh follows from the Kiselman minimum principle [25], [13, ChI 7B].
Also from (11) we see that αλ < 0 precisely on H−1([0, λ)). For the final statement we
will work locally around one of the discsDp. So let f−1 : U → Bδ be an chart constructed
as in Lemma 3.5. Then we can write ωf = ddcφ where φ(z) = |z|2 +O(|z|3) and
Φ′ := Φ ◦ Γ + φ ◦ ρ.
We know that φ ≤ C|z|2 on Bδ for some number C > 1 and it follows that Φ′ ≤ C|z|2 on
Bδ ×D. Since as we recall
Γ(et/2z′, z′′, e−t/2) = (f(z′, z′′), e−t/2)
it follows that
αλ(f(z)) + φ(z) ≤ inf{Φ′(et/2z′, z′′, e−t/2)− λt : t ∈ [0, T ]} ≤
≤ C(eT |z′|2 + |z′′|2)− λT = Cδ2 − λ ln(δ2 − |z′′|2) + λ ln |z′|2.
where
T := ln
(
δ2 − |z′′|2
|z′|2
)
,
i.e. (eT/2z′, z′′) ∈ ∂Bδ . This shows that νY (αλ) ≥ λ. 
Remark 5.4. One can similarly use that φ ≥ c|z|2 for some number c > 0 to show that in
fact αλ = λ ln |z′|2 +O(1).
Proof of Theorem 5.2. In light of Proposition
The statement of Proposition 5.3 says that αλ is ω-psh inside V1, and equal to zero near
the boundary (since λ is chosen strictly less that Λcan). Thus we may extend αλ to be zero
on X \V1 to obtain an ω-psh function on all of X that has Lelong number along Y greater
than or equal to λ.
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Now assume that λ < c. Then the function αλ(x) + (c − λ) ln |τ |2 is pi∗Xω-psh, bounded
from above by zero on X × S1 and has Lelong number at least c along E. From the
definition of Φw as the supremum of such functions we get that
αλ(x) + (c− λ) ln |τ |2 ≤ Φw.
On the other hand, by the involution property of the Legendre transform
Φ(x, τ) + c ln |τ |2 = sup{αλ(x) + (c− λ) ln |τ |2 : 0 ≤ λ < min(c,Λ)}
on H−1([0, c)), and thus we get that
Φ(x, τ) + c ln |τ |2 ≤ Φw
on H−1([0, c)).
Pick a leaf in the foliation of (H−1([0, c)),Ωcan) and let ψ be a function on it such that
ddcψ = pi∗Xω|L. Since Φw has Lelong number c alongE it follows that (Φw−c ln |τ |2)|L+
ψ defines a subharmonic function on L, which is equal to ψ on the boundary. On the other
hand we know that Φ|L + ψ is harmonic and equal to ψ on the boundary, which implies
that in fact
Φw = Φ + c ln |τ |2
on H−1([0, c)). Locally on a ρ-chart we would get that
Φw ◦ Γ = Φ ◦ Γ + c ln |τ |2
on H−1([0, c))∩Bδ×D, and since in this picture E is the zero fiber this then implies that
Ωw = Ωcan
on H−1([0, c)).

6. OPTIMAL REGULARITY OF ENVELOPES
Recall that the envelope ψλ we wish to consider is
ψλ := sup{ψ ∈ PSH(X,ω) : ψ ≤ 0, νY (ψ) ≥ λ},
and the equilibrium set Sλ is
Sλ := {ψλ = 0}.
We also recall the definition of optimal regularity for such envelopes.
Definition 6.1. We say that ψλ has optimal regularity if Sλ is smoothly bounded, the
function ψλ is smooth on Scλ \ Y,
(ω + ddcψλ)
n−1 6= 0 on Scλ \ Y,
and the blowup of Scλ along Y is foliated by holomorphic discs attached to ∂Sλ passing
through Y such that the restriction of ω + ddcψλ to each such disc vanishes.
Theorem 6.2. Suppose Y is compact (or more generally Λcan > 0). Then for λ small
enough (i.e. λ < Λcan) the envelopes ψλ have optimal regularity, the boundaries ∂Sλ
vary smoothly with λ, and the corresponding holomorphic discs attaching to ∂Sλ and
passing through Y all have area λ.
Proof. Let (Vcan,Ωcan) be the canonical solution to the HMAE with boundary data in-
duced by ω, as provided by Theorem 1.6, and choose a number c such that λ < c ≤ Λcan
(if Λcan is finite we can just as well set c = Λcan). Let Φw be corresponding weak solution
as defined in Section 5. We saw in the proof of Theorem 5.2 that
Φw = Φ + c ln |τ |2
inH−1([0, c)) (here as we recall Φ is the unique S1-invariant function onNY equal to zero
on X × S1 such that Ωcan = pi∗Xω + ddcΦ and H is the Hamiltonian of (Vcan,Ωcan)).
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We get by definition that
ψλ + (c− λ) ln |τ |2 ≤ Φw,
which implies that
ψλ(x) ≤ inf
τ∈D×
{(Φw(x, τ)− c ln |τ |2) + λ ln |τ |2}. (12)
Since Φw = Φ + c ln |τ |2 in H−1([0, c)) we see that the right hand side of (12) is equal to
αλ on H−1([0, c)) and since it is less than or equal to zero on X it must be equal to αλ on
the whole of X . Thus ψλ ≤ αλ, but since αλ is a candidate for the supremum we get that
in fact
ψλ = αλ. (13)
Thus from Proposition 5.3 we get that the boundary ∂Sλ is equal to H−1(λ) ∩ V1. Since
H is constant along the leaves of the foliation it follows that ∂Sλ is the image of the λ
level set of H on V0 under the tubular neighbourhood T . Since Ω restricted to V0 is Ka¨hler
and ζ (i.e. the vector field generating the S1-action) is nonvanishing on NY \ ι(Y ) we get
that dH = ιζΩ is nonzero away from ι(Y ). This shows that ∂Sλ is smooth and varies
smoothly with λ.
Let now x be a point in Scλ \ Y . Since H−1(λ) is foliated by leaves there is one such leaf
L which intersects the open line segment {(x, τ) : τ ∈ (0, 1)}. At the intersection point
(x, τ) we then have that
αλ(x) = Φ(x, τ) + λ ln |τ |2.
On L, ddcΦ = −pi∗ω and thus the function
αλ(x)− Φ(x, τ)− λ ln |τ |2
restricted to L is thus subharmonic, bounded from above by zero and equal to zero at an
interior point (x, τ), and thus must be equal to zero. Therefore
αλ(x) = Φ(x, τ) + λ ln |τ |2 (14)
on H−1(λ) and
ddcαλ(x, τ) = −pi∗Xω (15)
on L. This now shows that αλ = ψλ is smooth on Scλ \ Y . If we then project the leaf
L to X we get a holomorphic disc Lx passing through Y which attaches to ∂Sλ along its
boundary. Also because of (15) we have that ω + ddcψλ vanishes on Lx. It is clear that
these discs foliate the blowup of Scλ along Y . To calculate the area of one of these discs
Lx we first observe that ∫
Lx
ω =
∫
T−1(Lx)
ωNY .
Now T−1(Lx) is not necessarily a holomorphic disc in NY but the boundary we know is
a circle eiθu and so the symplectic area is the same as for the holomorphic disc {τu : τ ∈
D}. Since ΩNY is S1-invariant and H = λ on the boundary of this disc this means that it
has symplectic area λ.
Finally we will show that (ω + ddcψλ)n−1 6= 0 on Scλ \ Y . Pick a complex hyperplane in
the tangent space at a point x ∈ Scλ \Y not containing the tangents of the holomorphic disc
going through x. This is then the projection of a complex subspace of the tangent space of
NY at (x, τ), and we can choose this subspace to lie in the tangent space of H−1(λ). This
subspace will not contain the tangents of the leaf going through (x, τ), and thus Ωn−1can is a
volume form on it. Because of (14) this implies that (ω + ddcψλ)n−1 6= 0. 
Remark 6.3. From the above we see that in fact the tubular neighbourhoods we have
constructed in the previous section (or more precisely their image in X) are precisely the
complement of the equilibrium set, that is U˜λ = Scλ where U˜λ is as defined in (3) (to see
this combine (13) and Proposition 5.3). In fact the proof shows even more, namely that
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the pair (Scλ \ Y, ω + ddcψλ) is canonically identified with the (semi)symplectic quotient
H−1(λ)/S1 of (Vcan \ Y,Ωcan).
When Y is just a point Theorem 1.10 reduces to the following local statement.
Theorem 6.4. Let φ be a smooth strictly plurisubharmonic function on the unit ball B in
Cn. For small λ (i.e. λ < Λcan) the envelope
ψλ := sup{ψ ∈ PSH(B) : ψ ≤ φ, ν0(ψ) ≥ λ}
has optimal regularity. Also, for any bounded holomorphic function f on
Bλ := S
c
λ
we have that
1
vol(Bλ)
∫
Bλ
fdVφ = f(0),
where the dVφ denotes the Monge-Ampere measure (ddcφ)n/n!
Proof. It immediately follows from Theorem 6.2 that ψλ has optimal regularity as long as
λ is small (λ < Λcan).
Now let f be a bounded holomorphic function onBλ. Also let T : U → B be the canonical
tubular neighbourhood of 0 in (B, ddcφ), thus U is an S1-invariant neighbourhood of
the origin in T0B ∼= Cn, and ω˜ := T ∗ddcφ is Ka¨hler and invariant. We also note that
T−1(Bλ) = H−1([0, λ)) ∩ U and so this is also invariant. Now pulling back the integral
we get that∫
Bλ
fdVφ =
∫
{H≤λ}
f(T (z))ω˜n =
∫
τ∈S1
(
∫
{H≤λ}
f(T (τz)ω˜n)dτ =
=
∫
{H≤λ}
(
∫
τ∈S1
f(T (τz))dτ)ω˜n.
Since the map τ 7→ T (τz) extends to a holomorphic disc in B passing through the origin
at its centre it follows from the mean value property that∫
τ∈S1
f(T (τz))dτ = f(0),
at which point we are done. 
7. VOLUME OF TUBULAR NEIGHBOURHOODS
Theorem 7.1. Assume X is compact, and let p : X˜ → X denote the blowup of X along
Y with exceptional divisor E. Then the volume of the tubular neighbourhood Tλ is
V olλ :=
∫
U˜λ
ωn
n!
=
1
n!
(∫
X
[ω]n −
∫
X˜
(p∗[ω]− λ[E])n
)
where [E] denotes the class of the current of integration along E.
Proof. Let ωE be a smooth closed form cohomologuous to [E] and αE be an ωE-psh
function such that ddcαE + ωE = [E]. If zi are local coordinates and E is locally defined
by the equation z1 = 0 then
αE = ln |z1|+O(1).
The fact that ψλ = αλ, see (13), combined with Proposition 5.3 and Remark 5.4 shows
that p∗ψλ = λ ln |z1|+O(1) locally. It thus follows that p∗ψλ−λαE is a locally bounded
p∗ω − λωE-psh function. Thus the class p∗[ω]− λ[E] is nef and∫
X˜
(p∗[ω]− λ[E])n =
∫
X˜
(p∗ω − λωE + ddc(p∗ψλ − λαE))n.
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Here the integrand of right hand side is meant to interpreted in the weak sense as a Monge-
Ampe`re measure. It is easy to see that p∗ψλ − λαE can be characterized as an extremal
envelope, namely
p∗ψλ − λαE = sup{ψ ≤ −λαE : ψ ∈ PSH(X˜, p∗ω − λωE)}.
It then follows from [7, Corollary 2.5] by Berman-Demailly that∫
X˜
(p∗ω − λωE + ddc(p∗ψλ − λαE))n =
∫
p−1(Sλ)
(p∗ω − λ(ωE + ddcαE))n,
where Sλ := ψ−1λ (0) and thus p
−1(Sλ) = {p∗ψλ−λαE = −λαE}. Clearly ωE +ddcαE
vanishes outside of E and hence on p−1(Sλ) so we get that∫
X˜
(p∗[ω]− λ[E])n =
∫
p−1(Sλ)
p∗ωn =
∫
Sλ
ωn.
Finally since U˜λ = Scλ (see Remark 6.3) the Theorem follows. 
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